Theory of Equations
Let f(x)=x'-5x3+4x*+8x-8, 1++/5 isarootof f(x)=0 = 1-+/5 isarootof f(x)=0.

[x—(1+x/§)][x—(1+x/§)]:(x—l)2—5:x2—2x—4 is a factor of f(x) .

By division,  f(x) = (x* = 2x — 4)(x* = 3x + 2) = [x - (1+ x/g)] [x - (1+ x/g)] [x-2][x-1] .
Therootsof f(x)=0 are 1,2, 1445 .
Let f(z)=z'-4z2+8z-4, 1+i isarootof f(z)=0=1-i isalsoisarootof f(z)=0.

Sz-@+D)][z-Q-D)]=(z-1)2-i#=722-2z+2 isalsoisafactor of f(z).

By division, f(z)= (2-2z+2)(Z2+22-2)=[z-(A+)][z-@1-1)] [z-(1++3)|[z-(-1-+3)]

Therootsof f(z)=0 are 1+i, ~1++/3 .

Let fX)=Ax(X-1)(x+2)+Bx(x-1)+Cx+D

f(0) =-2 = D=-2 o (1)

f(1)=-6 = C+D=-6 .. @ ; @O, =—4 ...(3

f(-2) = -12 = 6B-2C+D=-12 ... 4 ; @@O@0B), B=-3 .5
fX) =AX (X - 1)(X +2) -3x(x = 1) —4x -2 = Ax® + (A= 3)X* = QA+ 1)x - 2 ....(6)

Product of roots = —(— 2)/A = 2/A ,Sumofroots =-(A-3)/A

Product of its roots is twice their sum = 2IA=2[-(A-3)/A] = A=2
From (6), f(x)=2x®-x*-5x-2.

f-1)=0=> (x+1) isafactorof f(x)by Factor Theorem

f(X) = (X + 1)(2x% = 3x = 2) = (X + 1)(X — 2)(2x +1)

.. Therootsof f(x)=0 are x=-1 or 2 or -1/2.

Let o, P,y betherootsof x*—5x*-16x+80=0

at+tB+y=5 e (@) But at+tp=0 e (@
@4 (), y=5 .. 3 Also afBy=-80 UV ()]
34 ®), aB=-16 ... (5) By(2 &(5), a=4, p=-4

The roots are 4, -4, 5.

Let f(x)=x'-12x*+12x-3
f(-3)=-66<0, f(-4)=13>0 Thereisasignchangein f(xX) as x changefrom -4 to -3, therefore
f(x) =0 has a root between -3 and -4.
f(2)=-11<0, f(3)=6>0. Thereisasignchangein f(x) as x changefrom 2 to 3, therefore
f(x) =0 hasarootbetween 2 and 3.
a,b arethe real roots of the equation x*—mx+n=0,

a+tb=m e (D) ; ab=n e (2



The equation 2x*-qgx+r=0 hasroots a+1, b+2,

@+)b+2)=q9/2 = a+b=9g/2-3 e )
@+1)(b+2)=r/2 = ab+2a+b=r2-2 VT ()]
M4 @, ~m=qg2-3 = q=2m+6 .. (5)
) m+vm?—4n m++m? —4n
X“=mx+n=0 > X=———— = a=— (6)
2 2
m+vm®—4n r
1L, @4y @), n+m+a=r2-2 = m+n+f:5—2 e (D)
r=3m+2n+4++vm?-4n e (8
If a=b, (1) and (2) becomes m=2a ... (99 and n=a’ ... (10)
(9), (10) ¥ (5), (8) q=4a+6 and r=6a+2a’+4
Hence, q°=(4a+6)*=4(2a+3)?=4(4a’ + 12a + 9) = 4[2(2a° + 6a + 4) + 1] = 4(2r + 1)
2 2 2 2
By putting y= X e (D), X X —-3=0 becomes y+3—3:0
X+1 x+1  x° y
or y"-3y+2=0 = (y-1)(y-2)=0 = y=1 or 2
x? x?
By (1), =1 or =2
y(® X+1 X+1
xX*-x-1=0 or X*-2x-2=0
+
:1_J§ r 1+/3.
2
axt+hy’=1 o (D) Lx+My=1 ... (2)
2
From (2), y=1" )4, ax2+b(1_LX] ~1
M M
Simplify, we get x*(aM? + bL?) - 2Lbx + b—M? =0 e (8
Since there is only one distinct rootin (4), .. A=0.
(-2Lb)? — 4(aM? + bLA(b* - M) =0 = abM’-aM*-M’b’L%*=0
L Mm?
Since M=0, weget ab—aM?-bL*=0 —+T:1.
a
From (4) ,since A =0,
1-L bL
_2tb+dO bL L " lam?apl?)  aM
2(amM? +bL?) aM? +bL? ’ M M aM? +bL?
Let y= L (23 +3x+3)y=5 (2y)x*+ (By)x+(3y-5)=0
2x* +3x+3

Since x isreal, .. A>0 = (By)’-42y)@By-5=0 = yBy-8<0 = 0< y<8/3
y is positive for all real values of x and the greatest value for y is 8/3.
The sketch is shown on the right. y
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Max. point = (——,—j

4’3

Two end points = [— GEJ
57

Since a,p=0,

Letthe roots of ax?+bx+c=0 be po and go.

4

If o,p aretherootsof x°+7x-3=0,then (1) o’+7a-3=0,

(1) xa +(2) x B,

(2) B*+7B-3=0.

o + B+ 7(a? + B) - 3(a + B) = 0.

po + qo = -b/a . Q) (pa)(qo) =cla 2
From (1), a(p+q)a’=b?.... 3 From (2), a(pa)o’=c® ... (4)
2 2
3, L) Y e q=bipa.
p ac
y=x-x" (1) 3x=xH=x*+x7? (2)
M+ (), y=y*-2 = y'-3y+2=0 = (y-1)(y-2)=0 = y=1 or
From (1), x-x"t=1 or X-Xx"1t=2
X*-x-1=0 or X*=2x-1=0
= liZ\/g or x=1++2

If the roots of ax’+bx+c=0 are o, B, then a+PB=-bla, af

=cla

o~ =(a—p) =+y(o+B) —dop = +\/T b’ —dac

1 1 OL+B —b/a

_+_

a B op

1(1 1
a13(2+3)

cl/a

++/b? —4ac

c

a

Therootsof px’+x+q=0 are o,f.

()

b2

—dac b?

a.2

a+B=-1p, ap=alp
(pa® + qo) + (pB* + gP) = aupa® +au + ) + B(PP® + B + @) + 20B - (o + P)?

2

b® (4c?

(M?+ L?)x® - 2Lx + (1-M?) =0

(2L)?-4(M*+ LD (1-M?) 20
-1)>0

2 1
= a(0) + BO) + 2 (@) - (-UpY' = ==
(Method 1)
X2 +y? = (1) , Lx+My=1
From (2), y=(1-Lx)/M 3)
2

QRNQ), x2+(1_LX) -1 =
For real value of x, A>0 =

=  AM*(M?+ L2
Since M?>0 M?+L%2-12>0 or

L2+ M?>1

(1)
(2)

3)

—a®)=16ac’.

M)

2
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17.

(Method 2)
By Cauchy-Buniakowski-Schwartz (CBS) inequality,
C+y) (LP+ M) 2 Lx+ My =1

Asalltherootsarereal and x*+y*’=1 , . (L*+M%)=>1.
(@) (k= x? +2ax+b K - X% +2ax + b —kx* —k _ (1-k)x* +2ax + (b —k) _9(x) )
x? +1 x> +1 x> +1 x*+1
g(x) isaperfectsquare — A =0 for the equation g(x) =0
(23’ -4(1-K) (b-k) =0 = K -(1+b)k-(@*-h)=0 (2)
_ 2 _ 2 2 _ 2
K :(1+b) vb*+6b+1-4a K :(l+b)+\/b +6b+1-4a 3
' 2 ? 2
. 2a a
If A=0,theroots (double roots) for g(x)=0is x= = , r=1,2
2(1-k,) 1-k,
= [(@-k)x+a]® isa factor of g(x) .
1-k 2
By comparison of coefficient of X —term, g(x) = %.
1-k 2
fo—k =900 _[A-k)x+al e 212 @)
x2+1  (1-k,)(x*+1)
(b) From (2), ki+k,=1+b, kik;= - (@ -h) (5)
(L-K)(1—kp) = 1= (ki + ko) + kikp = 1= (L +b) - (@° - b) = - &’ (6)
From (6), (1-k)(1-ky)<0.
Since k; <ky, 1-k;=0 and 1-k,<0 @)
From (4) and (7), fx) -k >0 and f(x) -k, <0 = ki <f(x)<k;. (8)
(c) From (7), k; <1<k,
A
X% +2ax +b 1-b dp
When y=1 1l=—F—=>X=— !
_‘ﬁ‘h‘ﬁ‘%\_
Y x? +1 2a . ‘//
a /
When y=k;, f(x)—k =0, from(4), x = — T x /
1- kl I X1 ;
a ke
When y=k,, f(x)-k,=0,from(4), x;= 1
,—

(a-b)x*-2(a®+bAx + (@ -b*)=0hasreal root(s) <  A>0 o 42 +bP-4@-b)@-bd)>

0< ab(a+h)??’>0 < ab>0 < a and b have the same sign.
Similarly, the equation has complex roots iff a and b have the same sign.

Let o, be the roots of the given equation. By Vieta’s theorem,

cx+[3:2(a2+b2), . _a-p’
a-b a-b
a-p= (a+B)2—4aB=\/{2(a2+bbz)} —4(a3_saj:2(a+b)b@
a— a— a—
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If the roots of ax’+bx+c=0 are a, B,then a+p=-bla, apf=cla Q
2 2 _h?
Let «o’, B’ be the roots of the equation x+2+—:b—<:>x2 + ac-b +1=0 2
X ac ac
_h2 . 2 _ 2 2 2
a'+B‘:—2aC b> _2(c/a)-(b/a)” 20B—(a+B) o+ _o*.B
ac alc of of B
a'B‘:lzng The roots of (2) are E,E . A /
B a B o 0.6 /
o4\ /
x2c052e+ax(x/3cose+sine)+a2:0 e (D) 2 |\
Of 15P 300 450 60° 75P 90P 10§P
= /
Since theroots of (1) inx arereal, A>0, Y \ /
0.6 /
@ 30059+sin6)2—4a20032620<:> 4¢0s” 0 —3cosH—-sinH <0 o \
Using graphical method, 28.0° < 6 < 104.1° approximately. 1121 \_ /
a:B=A:p = a=kir, B=ku
a+B=kh+kp=-bla = k(r+pw= -ba = (H+p’ca=b’/Ka
o B = (kh)(kp) = c/a = Kap=cla = aub®=b’c/Ka
Apb?=(h + p)?ca 1)
For a'x®+b’x +c’ =0, since the roots have the same ratio, Aub’?>= (L +p)?c’a’ )

(1)/(2) and cross multiply, a’c’b?=acb™.

(1-ax®+x+a=0 o (D) 0O<a<1 e (2

A of (1)=1°-4(1-a)a=1-4a+4a°=(1-2a)°>0 = The roots of (1) are real.
-1+

The roots of (1) are x = 1_&:— a or -1 are negative since (2).
2l-a) 1-a

2 2
The new equation is l:x - (— 1—_aj } {x - [ij } =0 or ax’-(1-2a+2a%)x+(l-2a+a’)=0

a

2 2 2 3 3
o By , By 2By _of o’ o _patqg_pa ., PX

v B Py By apy q q q q
The new equationin y is

y+

=—+1l=>Xx=

qly+1
p

)

3
XC+px+q=0= {q(y;l)} + p{Q(prrl)}Lq =0=q°y® +39%y? +(p3 +3q2)y+(2p3 +q2): 0

arp=—2 @, op-< 2)

From (1), ao+b=p, ap+b=a 3
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217.

b\’ c
2 -—| -2 =
1 1 1 1 a’+p* (a+p) —2043:( aj [aJ b? —2ac

@ + =—+4+—-= = =

(aOL+b)2 (aB+b)2 - Bz o2 asz (OLB)Z (Cjz a2c?
a

- L-2)
3 3 3 -—— | -3-|-C 3
(b) 1, 1 1.1 _a'+p _(o+B) —3ap(a+B) a a)\ a)_-b’+3abc

(o+b)  @B+b) B o’ o (ap) [)
a
30 +a-1=0 (1), PZ+p-1=0 (2
(1) x o+ (2) x B, 3+ )+ (a*+P)—(a+P)=0, o, p=0. 3)
1) x o +(2) x B, 3ot +BY) + (o + %) - (e + B7) = 0. 4)

From @), o+ 0= o p)- (o 7= S o) (o ) + 20p)- -2

From (8), o+ = 3o 7)o 7= 3 (0B 2030 | =5

atb+c=-p (1) , ab+bc+ca=q 2 abc=-r 3)

Since  xX*=-px®—gx—r

2 +bP+c’= —pla®+b? +c2)—q(a+b+c)—3r:—p[(a+b+c)2 —2(ab+bc+ca)]

=—I0[(— p)z —ZQ]—Q(— p)—3r =—p®+3pq-3r ()

1 1

q p

L
a

11
b c

X

3 N3 a2
From (&), g+ 5 =-{ 3] +4 ] B) o 2] BA=LE
a> b” ¢ r ro\r r r

x*+2ax+b=0 = x=-at+a’-b

X r r

Y +2py+q=0 = y=-pzxAp

3
are roots of the equation : (Ej + p[—] + q(—)+ r=0 or 3y Pyl
X

a’ct

To form the equation whose roots are the four numbers obtaining by adding the roots from each equation:

z=x+y=—(a+p)ta’—bxp’—q=[z+(@+p)f =a’ —b+la>—b)Jp? —q)+p> —q
=22 +2(a+pz+b+q+2ap =t ffa? —b)p? —q)

Since z isdummy,wehave  [x*+2(a+ p)x +b +q+ 2ap]* - 4(a® - b)(p*-q) = 0.

atb+c=0 Q) ab+bc+ca=m 2 abc=-n 3)
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a+ma+n=0 (4) b®+mb+n=0 (5) c+ecm+n=0 (6)
(4) x a®+ (5) x b* + (6) x c*, ae+b6+ce+m(a4+b4+c4)+n(a3+b3+c3):0
a®+b®+c® =—mfa* +b* +c*)-nfa® +b°+¢?) @)

@ +@BE)+@6), a*+b*+c*+m@+b+c)+3n=0

By (1), a*+b®+c®+mx0+3n=0 :—n:%(a3+b3+c3) (8)
a?+b?+c?=(a+b+c) —2(ab+bc+ca)=-2m =-m :%(a2 +b? +c?) 9)
Substitute (8), (9) in (7), a®+b°+c’ :é(aﬁ +b°+c) +%(a2 +b?+c?)a* +b* +c*)

If 1,X1,X2,Xs3,Xs are the roots of the equation x°—1=0, then

0,1-x%;,1-%,,1-x3,1-x, are therootsof the equation (1-x)°-1=0 or (x+1°-1=0
or x°—5x*+10x*-10x*+5x =0

1-X1,1-%y,1-Xs,1-Xx, are the roots of the equation  x* — 5x* + 10x* = 10x + 5 =0

Product of roots = (1 —X1)(1 —=x2)(1 = X3)(1 —X4) =5

Similarly, 2,1+x;,1+X,,1+X3,1+Xx, are the roots of the equation (x - 1)5 -1=0
or x°—5x"+10x’-10x*+5x-2=0

Product of roots =  2(1 + X1)(1 + Xo)(1 + X3)(1 + X4) = 2

(LX) +x)(1 +X3)(1+Xq) =1

Method 1
1,04,02,...,0n1 arerootsof the equation x"=1.
0,1-04,1-05,...,1-0,1 areroots of the equation : (1-x)"=1.

or 1-nx+ n(n2—1)xz —t(=1)x" =1 or x[—n +@x—...+(—1)"x“} =0

1-03,1-0y,...,1—0q; areroots of the equation : (=1)"x" " +...+ n(nz—l)x -n=0

Product of roots = (1 — oy )(1 -0 ) ...(1 = otp1) =N

Method 2

1,01,0p,...,001  areroots of the equation  x"=1 1)
X=-DX-oy)X-02) ...(X=0ap1) =0 2

Differentiate (1) w.rt.x, nx"'=0 (x=1) (3)

Differentiate (2) w.r.t. X, (X—oy)(X-02) ...(X = atn.1) + (X = 1) p(X) = 0 , where p(x) is a polynomial in x. (4)

Since (3) and (4) represent the same equation, we have

X" =(x — o J(X =02 ) ... (X = otnt) + (X = 1) P(X) )
Put x=1 in(5), we have Ql-01)1l-02)...(L—an1)=n.
Method 3

X"=1=(X=1)(X=0a1)(X=02) ...(X = 0tn-1)



X"PH X X 1= (K=o )(X =0 ) ... (X = On.)

Put x =1, we have l-o)l-0z)...(1-0ang)=n.

30. X'+ p X TP T4 A P X+ o= (X —ay) (X —ay)...(X —ap) (1)
Sub.x=i in(l), "+pi"tHpi" T+ L py_gitpa=(i—ay) (i-ay)...(i—an) (2)
Sub.x=—i in(1), ()'+pL ()" P T L APy () +pa= (- ) (- ag). . (i-a)  (3)

(L+a)(1+a) ... (1+a,") = [(i-a) (i —a)][ (i - &) (-i - ap)]...[(I — an) (-i — an)]

=[(1-ay) (i—az)...(1 —an)] [(-i —a1) (-1 - &z)...(-1 — an)]

= [+ py it pad" 2+ P i o] [C)" Py ()N pa(D)" TP L+ paa () +pa] L bY (D), ()
="+ py i " TP P+ Pl ()T pa () po(-) TP+ + a1 () + pn ]
=[1+pi-pa—psi+pstpsi— ... ][1-pii—pa+psi+ps—psi+..]

=(1-p2+pPs—... )+ (Pr—Ps+ps—...)°.

31. Let p(x)= x*+3x-3,then p(0)=-3<0 and p(1)=1>0.

Since there is a change of signas x increases from 0 to 1,thereisat least one real root o between
x=0 and x=1for p(x)=0.
p'(x) = 3x* + 3> 0. p(x) is increasing.
p(x) =0 hasoneandonlyonereal o between x=0 and x=1.
Let q(x)=x*+6x*-12x-9,then q(2)>0,q(1)<0 and q(-1)>0.
There is at least one real root between x=-l1and1 and there is at least one root between x =1and 2.
However, q'(x) =4 (x* + 3x —3) = 4 p(X).
Since p(x) =0 hasone and only one real root, q'(x) =0 has one and only one real root.
q(x) has exactly one turning pointand q(x) =0 has just two real roots.
32. (a) Let f()x*-14x*+24x—k ,then F(x)=4x3—28x+24 =40 - 7x +6) = 4(x + 3)(x — 1)(X - 2)
and therootsof f(x)=0 are x=-3,1 and 2.
X -00 -3 1 2 +o0
f(x) + -117 -k 11 -k 8-k +
The equation will have four unequal real roots if the signs of f(x) are alternate. This is so if

-117-k<0,

These inequalities require that

11-k>0 and 8-k<0.
8<k<1l.

(b) Let g(X)=3x*-16x°+6x*+72x—k  then g'(x)=12x>—48x*+ 16x + 72 = 12(x + 1)(x — 2)(x — 3)

and the rootsof g'(xX)=0 are x=-1,2 and 3.

X -00 -1 2 3 +00
a(x) + -47 -k 88 —k 81-k +
The equation will have four unequal real roots if —-47-k<0, 88-k>0 and 81-k<0.

These inequalities require that 81 <k <88.



33, (a) p(x)=(x—a,)(X—-a,)..(x —an)é%

34.

(b)

(@)

(b)

=(x—a) (x—az) ... X—ap) +(X—a) (x—azg) ... X—ap) + ...+ (X—2a1) (X—2ap) ... (X—an-1)
Without lost of generality, let a;<a,<...<a,.
If n iseven, p(a)=(a1—a) (a1—ay) ... (a—an) <0, p(a)=(@,—ay) (a;—as) ... (a2—ay) >0,

P(as) = (a3 —a1) (a3 —a2) (a3 —24) ... (@s—an) <0, ..., p(an) = (& —a1) (& —2s) ... (@n—an.1) >0
If n isodd, p(a;))>0, p(a)<0, p@s)>0,...,p@,>0.

p(x) changesitssign (n—1) timesas X increases.
Since p(x) iscontinuous, therefore p(x) hasexactly (n-1) roots.

no 1

But =0 and p(x)=0 areequivalent equations since x=a;,ay ..., a8 areobviously
r=1X—ad

r

not roots of both of the equations. Therefore i
r=1X—a,

=0 hasexactly (n-1)roots.

Rolle's Theorem — Let f iscontinuouson [a,b] and differentiableon (a,b) andif f(a)=f(b),
then there is a number Xp € (a, b) suchthat f(xo)=0.

Without lost of generality, let a;<a,<...<a,.

Let f(x)= (x—ay)...(X—ay).

Obviously f(a)) =f(ay) =... =f(a,) =0.

By Rolle's Theorem, there exists X; € (ai, ai+1),1=1,2, ..., (n—1) such that f'(x;)=0.

X1, X2, ..., Xp1  are roots of the equation f'(x))=0.
But f'(x) =f(x) ii S X1, X2, ..., Xp1  are roots of the equation i ! =0.
r:lX—ar r:lX—ar
If p,<0, and n iseven, POX)=X"+p X"+ poX" 2+ L+ Pro1 X+ Pr=0

lim p(x) =+, p(0)=p, <0, lim p(x)=+o0.

X—>+0

Thereare 2 signchangesas X increases from - to +oo.
p(x) =0 has at least one positive and at least one negative root.

If pyn<O,then p(0)=p,<0 and lim p(x)=+o.

X—>+0

Since polynomials are continuous, the curve y = p(x) cuts the x-axis odd number of times.
The number of positive roots of p(x) =0 isodd. (Forany root of multiplicity k, we have to
count Kk times)

If p,>0,then p(0)=p,>0 and lim p(x)=+o.

X—>+0

The curve y = p(X) cuts the x-axis even number of times. (or 0 number of times)

The number of positive roots of p(x) =0 iseven, or zero.



