
Theory of Equations 

1. Let f(x) = x4 – 5x3 + 4x2 + 8x – 8 ,   is a root of  f(x) = 0  ⇒ 51−  is a root of  f(x) = 0. 51+

( )[ ] ( )[ ] ( ) 4x2x51x51x51x 22 −−=−−=+−+−   is a factor of  f(x) .  ∴ 

 By division,   f(x) = (x2 – 2x – 4)(x2 – 3x + 2) = ( )[ ] ( )[ ][ ] [ 1x2x51x51x −−+−+− ]  . 

 The roots of  f(x) = 0  are  1, 2,  51±  . 

2. Let f(z) = z4 – 4z2 + 8z – 4 ,   1 + i  is a root of  f(z) = 0 ⇒ 1 – i  is also is a root of  f(z) = 0 . 

 ∴ [z – (1 + i)] [ z – (1 – i)] = (z – 1)2 – i2 = z2 – 2z + 2  is also is a factor of  f(z) . 

 By division,  f(z) =  (z2 – 2z + 2)(z2 + 2z – 2) = [z – (1 + i)] [ z – (1 – i)] ( )[ ] ( )[ ]31z31z −−−+−−  

 The roots of  f(z) = 0  are  31,i1 ±−±  . 

 

3. Let  f(x) ≡ A x (x – 1)(x + 2) + Bx(x – 1) + Cx + D 

 f(0) = – 2   ⇒  D = – 2   …. (1) 

 f(1) = – 6   ⇒  C + D = – 6   …. (2) ; (1) ↓(2),  C = – 4 …. (3) 

 f(–2) = –12  ⇒  6B –2C + D = –12 …. (4) ; (1),(2) ↓(3), B = –3 …. (5) 

  ∴ f(x) ≡ A x (x – 1)(x + 2) –3x(x – 1) – 4x – 2 ≡ A x3 + (A – 3)x2 – (2A + 1)x – 2   …. (6) 

 Product of roots = –(– 2)/A = 2/A  , Sum of roots  = – (A – 3) / A 

 Product of its roots is twice their sum  ⇒    2/A = 2 [–(A – 3) / A]  ⇒   A = 2 

 From (6), f(x) = 2x3 – x2 – 5x – 2 . 

 f(–1) = 0 ⇒ (x + 1)  is a factor of  f(x) by Factor Theorem 

 f(x) = (x + 1)(2x2 – 3x – 2) = (x + 1)(x – 2)(2x +1) 

 ∴ The roots of  f(x) = 0  are   x = –1  or  2  or  –1/2 .  

4. Let  α, β, γ  be the roots of  x3 – 5x2 – 16x + 80 = 0  

 ∴ α + β + γ = 5  …. (1)   But    α + β = 0  …. (2) 

 (2) ↓ (1),   γ = 5  …. (3)   Also   α β γ = –80 …. (4) 

 (3) ↓ (4),  α β = –16 …. (5)   By (2) & (5), α = 4,  β = –4 

 ∴ The roots are  4, –4, 5. 

5. Let  f(x) = x4 – 12x2 + 12x – 3     

 f(-3) = -66 < 0,   f(-4) = 13 > 0 There is a sign change in  f(x)  as  x  change from  -4  to  -3, therefore 

 f(x) = 0 has a root between  –3  and  –4. 

 f(2) = -11 < 0,  f(3) = 6 > 0.  There is a sign change in  f(x)  as  x  change from  2  to 3, therefore   

 f(x) = 0 has a root between  2  and  3. 

6. a , b  are the real roots of the equation  x2 – mx + n = 0, 

 ∴  a + b = m   …. (1)  ;   ab = n   …. (2) 
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 The equation  2x2 – qx + r = 0  has roots  a + 1 ,  b + 2, 

 ∴ (a + 1)(b + 2) = q/2    ⇒ a + b = q/2 – 3       …. (3) 

  (a + 1)(b + 2) = r/2  ⇒ ab + 2a + b = r/2 – 2     …. (4) 

 (1) ↓ (2), ∴ m = q/2 – 3      ⇒ q = 2m + 6    …. (5) 

 x2 – mx + n = 0  ⇒ 
2

n4mm
x

2 −±
=  ⇒ 

2
n4mm

a
2 −+

=   …. (6) 

 (1), (2) ↓ (4), n + m + a = r/2 – 2  ⇒ 2
2
r

2
n4mm

nm
2

−=
−+

++   …. (7) 

 ∴ n4m4n2m3r 2 −+++=          …. (8) 
 If  a = b ,  (1)  and  (2)  becomes  m = 2a   ….     (9)    and   n = a2  …. (10) 

 (9), (10) ↓ (5) , (8)  q = 4a + 6    and   r = 6a + 2a2 + 4 

 Hence, q2 = (4a + 6)2 = 4(2a + 3)2 = 4(4a2 + 12a + 9) = 4[2(2a2 + 6a + 4) + 1] = 4(2r + 1) 

7. By putting   y =
1x

x2

+
 …. (1),   03

x
2x2

1x
x

2

2

=−
+

+
+

  becomes  03
y
2

y =−+  

 or  y2 – 3y + 2 = 0  ⇒ (y – 1)(y – 2) = 0  ⇒ y = 1  or  2. 

 By (1), 1
1x

x2

=
+

    or  2
1x

x2

=
+

 

   x2 – x – 1 = 0   or  x2 – 2 x – 2 = 0 

   31or
2

51
x ±

±
= . 

8. ax2 + by2 = 1    …. (1)      Lx + My = 1 …. (2) 

 From (2),  
M

Lx1
y

−
= …. (3)   (3) ↓ (1), 1

M
Lx1

bax
2

2 =⎟
⎠
⎞

⎜
⎝
⎛ −

+  

 Simplify, we get   x2(aM2 + bL2) – 2Lbx + b – M2 = 0    …. (4) 

 Since there is only one distinct root in (4),   ∴ Δ = 0. 

 ∴ (-2Lb)2 – 4(aM2 + bL2)(b2 – M2) = 0  ⇒ abM2 – aM4 – M2 b2 L2 = 0 

 Since  M ≠ 0, we get  ab – aM2 – bL2 = 0  ∴ 1
b

M
a
L 22

=+ . 

 From (4) , since  Δ = 0,  
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+
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+
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⎠
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⎛
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9. Let  y = 
3x3x2

5
2 ++

, (2x2 + 3x + 3) y = 5, (2y)x2 + (3y)x + (3y – 5) = 0 

 Since  x  is real,  ∴ Δ ≥ 0 ⇒ (3y)2 – 4(2y) (3y – 5) ≥ 0 ⇒ y(3y – 8) ≤ 0 ⇒ 0 ≤  y ≤ 8/3. 

 ∴  y  is positive for all real values of  x  and the greatest value for  y  is  8/3. 

 The sketch is shown on the right. 
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10. If  α , β  are the roots of  x2 + 7x – 3 = 0 , then  (1) α2 + 7α – 3 = 0,  (2)  β2 + 7β – 3 = 0. 

 Since   α , β ≠ 0,   (1) ×α + (2) × β,  α3 + β3 + 7(α2 + β2) – 3(α + β) = 0. 

11. Let the roots of  ax2 + bx + c = 0  be  pα  and  qα. 

 ∴ pα + qα = -b/a   …. (1)   (pα)(qα) = c/a   …. (2) 

 From (1),  a2(p + q)2 α2 = b2 …. (3)   From (2),  a (pq)α2 = c2  …. (4) 

 (3)/(4),  
( )

ac
b

pq
qp 22

=
+

   ⇒  ac(p + q)2 = b2 pq . 

12. y = x – x –1   …. (1)   3(x – x –1) = x2 + x –2    …. (2) 

 (1) ↓ (2),  3y = y2 – 2    ⇒ y2 – 3y + 2 = 0 ⇒ (y – 1)(y – 2) = 0  ⇒ y = 1  or  2 

 From (1),  x – x –1 = 1   or  x – x –1 = 2 

    x2 – x – 1 = 0  or  x2 – 2x – 1 = 0 

    x = 21xor
2

51
±=

±
 

13. If the roots of  ax2 + bx + c = 0  are  α, β, then  α + β = - b/a , αβ = c/a …. (1) 

 ( ) ( )
a

ac4b
a
c

4
a
b

4
22

22 −±
=⎟

⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛−±=αβ−β+α±=β−α±=β−α  …. (2) 

 
c
b

a/c
a/b11

−=
−

=
αβ

β+α
=

β
+

α
         …. (3) 

 
2

2

2

22

c4
b

a
ac4b

c
b

2
1

a
ac4b11

2
1

=
−

⇒⎟
⎠
⎞

⎜
⎝
⎛−=

−±
⇒⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
β

+
α

=β−α   ⇒  b2 (4c2 – a2 ) = 16 ac3 . 

14. The roots of  px2 + x + q = 0  are  α , β .   α + β = - 1/p , αβ = q/p …. (1) 

 (pα3 + qα) + (pβ3 + qβ) = α(pα2 +α + q) + β(pβ2 + β + q) + 2αβ - (α + β)2

 = α(0) + β(0) + 2 (q/p) – ( -1/p)2 = 
2p

1
p
q2
−  

15. (Method 1) 

x2 + y2 = 1   …. (1) ,  Lx + My = 1   …. (2) 

From (2),  y = (1 – Lx)/M  …. (3) 

(3)↓(2), 1
M

Lx1
x

2
2 =⎟

⎠
⎞

⎜
⎝
⎛ −

+  ⇒  (M2 + L2)x2 – 2Lx + (1 – M2 ) = 0 

For real value of x,  Δ ≥ 0    ⇒ (2L)2 - 4(M2 + L2) (1 – M2 ) ≥ 0 

       ⇒ 4M2(M2 + L2 – 1) ≥ 0 

Since  M2 ≥ 0  ∴ M2 + L2 – 1 ≥ 0  or   L2 + M2 ≥ 1. 
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(Method 2) 

 By Cauchy-Buniakowski-Schwartz (CBS) inequality, 

  (x2 + y2) (L2 + M2) ≥ Lx + My = 1 

As all the roots are real  and  x2 + y2 = 1 ,  ∴ (L2 + M2) ≥ 1 . 

16. (a) f(x) – k = 
1x

bax2x
2

2

+

++
 – k  

( ) ( )
1x
)x(g

1x
kbax2xk1

1x
kkxbax2x

22

2

2

22

+
=

+

−++−
=

+

−−++
=  …. (1) 

  g(x)  is a perfect square  ⇒ Δ = 0 for the equation  g(x) = 0 

  ∴ (2a)2 – 4(1 – k) (b – k) = 0  ⇒ k2 – (1 + b) k – (a2 – b) = 0      …. (2) 

  ∴ 
( ) ( )

2
a41b6bb1

k,
2

a41b6bb1
k

22

2

22

1
−++++

=
−++−+

=      ….  (3) 

  If  Δ = 0, the roots (double roots) for  g(x) = 0 is   
( ) rr k1

a
k12

a2
x

−
=

−
= ,  r = 1, 2. 

  ∴ [(1 - kr )x + a]2  is a factor of g(x) . 

  By comparison of coefficient of  x2 –term,  g(x) = 
( )[ ]

r

2
r

k1
axk1

−

+−
. 

  ∴ 
( )[ ]
( )( )1xk1

axk1
1x
)x(g

k)x(f
2

r

2
r

2r
+−

+−
=

+
=−  , where  r = 1, 2.       ….  (4) 

 (b) From (2),   k1 + k2 = 1 + b,  k1k2 =  – (a2 – b)       …. (5) 

  ∴   (1 – k1)(1 – k2) = 1 – (k1 + k2) + k1k2 = 1 – (1 + b) – (a2 – b) = – a2      …. (6) 

  From (6),  (1 – k1)(1 – k2) ≤ 0. 

  Since  k1 < k2 ,  1 – k1 ≥ 0   and  1 – k2 ≤ 0       …. (7) 

  From (4) and (7), f(x) – k1 ≥ 0 and  f(x) – k2 ≤ 0 ⇒ k1 ≤ f(x) ≤ k2 .  …. (8) 

(c) From (7),  k1 ≤ 1 ≤ k2. 

x

y

O

k1

k2

x2
x1

1 

 When  y = 1. 
a2
b1

x
1x

bax2x
1

2

2 −
=⇒

+

++
=  

 When  y = k1,  f(x) – k1 = 0, from (4),  x1 = 
1k1

a
−

−  

  When  y = k2,  f(x) – k2 = 0, from (4),  x2 = 
1k

a

2 −
. 

17. (a – b)x2 – 2(a2 + b2)x + (a3 – b3) = 0 has real root(s)  ⇔  Δ ≥ 0  ⇔ 4[a2 + b2]2 – 4(a – b)(a3 – b3) ≥ 

0 ⇔ ab(a + b)2 ≥ 0  ⇔ ab ≥ 0 ⇔ a  and  b  have the same sign. 

 Similarly,  the equation has complex roots iff  a  and  b  have the same sign. 

 Let  α, β  be the roots of the given equation.  By Vieta’s theorem, 

 

( )

( ) ( ) ( )
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4
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,
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⎝

⎛
−

−
−⎥

⎦

⎤
⎢
⎣

⎡
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+
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−

−
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−

+
=β+α
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18. If the roots of  ax2 + bx + c = 0  are  α, β, then  α + β = - b/a , αβ = c/a     …. (1) 

 Let  α’, β’ be the roots of the equation    01x
ac

bac2
x

ac
b

x
1

2x
2

2
2

=+
−

+⇔=++     …. (2) 
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( )

α
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+

β

α
=

αβ
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=

αβ
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−=

−
−=

−
−=β+α

22222 2
c/a

)a/b()a/c(2
ac

bac2
''  

 
α

β
×

β

α
==βα 1''    ∴ The roots of  (2)  are  

α

β

β

α
,  . 

19. ( ) 0asincos3axcosx 222 =+θ+θ+θ  …. (1) 

 Since the roots of  (1)  in x  are real,  Δ ≥ 0, 

 ( ) 0sincos3cos40cosa4sincos3a 2222
≤θ−θ−θ⇔≥θ−θ+θ  

 Using graphical method,  28.0o ≤ θ ≤ 104.1o approximately. 

20. α : β = λ : μ   ⇒ α = kλ, β = kμ  

 α + β = kλ + kμ = - b/a   ⇒ k(λ + μ) =  - b/a ⇒ (λ + μ)2 ca = b2c / k2a 

 α β = (kλ)( kμ) = c/a  ⇒ k2λμ = c/a   ⇒ λμ b2 = b2c / k2a 

∴ λμ b2 = (λ + μ)2 ca             …. (1) 

For  a’x2 + b’x + c’ = 0, since the roots have the same ratio,  λμ b’2 = (λ + μ)2 c’a’   …. (2) 

(1)/(2) and cross multiply, a’c’b2 = acb’2 . 

 

21. (1 – a)x2 + x + a = 0  …. (1)   0 < a < 1  …. (2) 

 Δ  of  (1) = 12 – 4(1 – a) a = 1 – 4a + 4a2 = (1 – 2a)2 ≥ 0  ⇒  The roots of (1) are real. 

 The roots of (1) are ( ) 1or
a1

a
a12

1x −
−

−=
−
Δ±−

=   are negative since (2). 

 The new equation is  0
1

1x
a

a1x
22

=
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛
−

−
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −
−−   or  a2x2 – (1 – 2a + 2a2)x + (1 – 2a + a2) = 0 

22. ( )
p

1yqx1
q
px1

q
p

q
qp

q
222y

33222 +
=⇒+=+

α
=

+α
=

α
−=

αβγ
α

=
βγ
α

=
βγ

βγ+γ+β
=+

β
γ

+
γ
β

=+  

 The new equation in  y  is  

 x3 + px + q = 0 ⇒ ( ) ( ) ( ) ( ) 0qp2yq3pyq3yq0q
p

1yqp
p

1yq 23232232
3

=+++++⇒=+⎥
⎦

⎤
⎢
⎣

⎡ +
+⎥

⎦

⎤
⎢
⎣

⎡ +  

23. )2(
a
c,)1(

a
b

=αβ−=β+α  

 From (1),   aα + b = β,   aβ + b = α  (3) 
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 (a) 
( ) ( )

( )
( ) 22

2

2

2

2

2

22

22

2222 ca
ac2b

a
c

a
c2

a
b

211
ba

1
ba

1 −
=

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛−

=
αβ

αβ−β+α
=

βα
β+α

=
α

+
β

=
+β

+
+α

 

 (b) 
( ) ( )

( ) ( )
( ) 33

3

3

3

3

3

33

33

3333 ca
abc3b

a
c

a
b

a
c3

a
b

311
ba

1
ba

1 +−
=

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛−⎟
⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛−

=
αβ

β+ααβ−β+α
=

βα
β+α

=
α

+
β

=
+β

+
+α

 

24.  )2(013),1(013 22 =−β+β=−α+α

 (1) × α + (2) × β,     3(α3 + β3) + (α2 + β2) – (α + β) = 0 ,  α, β ≠ 0 .  (3) 

 (1) × α2 + (2) × β2,  3(α4 + β4) + (α3 + β3) – (α2 + β2) = 0 .    (4) 

 From (3), α3 + β3 = ( ) ( )[ ] ( ) ( )[ ]
27
102

3
1

3
1 222 −=αβ+β+α−β+α=β+α−β+α  

 From (4), α4 + β4 = ( ) ( )[ ] ( )
81
31

27
102

3
1

3
1 23322 =⎥⎦

⎤
⎢⎣
⎡ +αβ+β+α=β+α−β+α  

25. a + b + c = -p (1) , ab + bc + ca = q  (2) , abc = -r   (3) 

 Since   x3 = –px2 –qx – r  

 a3 + b3 + c3 = ( ) ( ) ( ) ( )[ ]cabcab2cbapr3cbaqcbap 2222 ++−++−=−++−++−  

 ( )[ ] ( ) r3pq3pr3pqq2pp 32 −+−=−−−−−−=      (4) 

 
c
1,

b
1,

a
1  are roots of the equation : 0

r
1x

r
px

r
qxor0r

x
1q

x
1p

x
1 23

3

=+++=+⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛  

 From  (4), 3

233

333 r
r3qpqr3

r
13

r
p

r
q3

r
q

c
1

b
1

a
1 −−

=⎟
⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛
⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛−=++  . 

26. x2 + 2ax + b = 0  ⇒ baax 2 −±−=  

 y2 + 2py + q = 0  ⇒ qppy 2 −±−=  

 To form the equation whose roots are the four numbers obtaining by adding the roots from each equation: 

 z = x + y = ( ) ( )[ ] ( )( ) qpqpbabapazqpbapa 2222222 −+−−±−=++⇒−±−±+−  

 ( ) ( )( )qpbaap2qbzpa2z 222 −−±=+++++⇒  

 Since  z  is dummy, we have    [x2 + 2(a + p)x + b + q + 2ap]2 – 4(a2 – b)(p2 – q) = 0 . 

 

27. a + b + c = 0  (1)  ab + bc + ca = m  (2)  abc = -n   (3) 
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 a3 + ma + n = 0  (4)  b3 + mb + n = 0  (5)  c3 + cm + n = 0  (6) 

 (4) × a3 + (5) × b3 + (6) × c3 ,  ( ) ( ) 0cbancbamcba 333444666 =++++++++  

 ( ) ( )333444666 cbancbamcba ++−++−=++∴    (7) 

 (4) + (5) + (6),  ( ) 0n3cbamcba 333 =++++++

 By (1), ( )333333 cba
3
1n0n30mcba ++=−⇒=+×+++     (8) 

 ( ) ( ) ( )2222222 cba
2
1mm2cabcab2cbacba ++=−⇒−=++−++=++    (9) 

Substitute (8), (9) in (7),     ( ) ( )( )4442222333666 cbacba
2
1

cba
3
1

cba +++++++=++  

28. If  1 , x1 , x2 , x3 , x4  are the roots of the equation  x5 – 1 = 0, then  

 0, 1 – x1 , 1 – x2 , 1 – x3 , 1 – x4  are  the roots of the equation  (1 – x)5 – 1 = 0  or    (x + 1)5 – 1 = 0 

    or  x5 – 5x4 + 10x3 – 10x2 + 5x = 0 

 1 – x1 , 1 – x2 , 1 – x3 , 1 – x4  are  the roots of the equation  x4 – 5x3 + 10x2 – 10x + 5 = 0 

 Product of roots =  (1 – x1)(1 – x2)(1 – x3)(1 – x4) = 5 

 Similarly,  2, 1 + x1 , 1 + x2 , 1 + x3 , 1 + x4  are  the roots of the equation  (x – 1)5 – 1 = 0   

    or  x5 – 5x4 + 10x3 – 10x2 + 5x – 2 = 0  

 Product of roots =  2(1 + x1)(1 + x2)(1 + x3)(1 + x4) = 2 

 ∴ (1 + x1)(1 + x2)(1 + x3)(1 + x4) = 1 

29. Method 1 

1, α1 , α2 , …, αn-1   are roots of the equation   xn = 1 . 

0, 1 – α1 , 1 –α2 , …, 1 –αn-1   are roots of the equation :  (1 – x)n = 1 . 

or ( ) ( ) ( ) ( ) 0x1...x
2

1nnnxor1x1...x
2

1nnnx1 1nnnn2 =⎥⎦
⎤

⎢⎣
⎡ −+−

−
+−=−+−

−
+− −  

1 – α1 , 1 –α2 , …, 1 – αn-1   are roots of the equation : ( ) ( ) 0nx
2

1nn...x1 1nn =−
−

++− −  

Product of roots = (1 – α1 )(1 –α2 ) …(1 – αn-1) = n . 

Method 2 

1, α1 , α2 , …, αn-1   are roots of the equation   xn = 1     (1) 

∴ (x – 1)(x – α1 )(x –α2 ) …(x – αn-1) = 0       (2) 

Differentiate (1) w.r.t. x,   nxn-1 = 0   (x ≠ 1)      (3) 

Differentiate (2) w.r.t. x,  (x – α1 )(x –α2 ) …(x – αn-1) + (x – 1) p(x) = 0 , where p(x) is a polynomial in x. (4) 

Since (3) and (4) represent the same equation, we have 

 nxn-1 =(x – α1 )(x –α2 ) …(x – αn-1) + (x – 1) p(x)     (5) 

Put  x = 1  in (5), we have     (1 – α1 )(1 –α2 ) …(1 – αn-1) = n . 

Method 3 

xn – 1 = (x – 1)(x – α1 )(x –α2 ) …(x – αn-1) 
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xn-1 + xn-2 + … + x  + 1 = (x – α1 )(x –α2 ) …(x – αn-1) 

Put  x = 1, we have     (1 – α1 )(1 –α2 ) …(1 – αn-1) = n . 

30. xn + p1 xn – 1 + p2xn – 2 + … + pn – 1 x + pn = (x – a1) (x – a2)…(x – an)       (1) 

 Sub. x = i  in (1),  in + p1 in – 1 + p2in – 2 + … + pn – 1 i + pn = (i – a1) (i – a2)…(i – an)    (2) 

 Sub. x = –i  in (1),  (-i)n + p1 (-i)n – 1 + p2(-i)n – 2 + … + pn – 1 (-i) + pn = (-i – a1) (-i – a2)…(-i – an) (3) 

 ∴ (1 + a1
2)(1 + a2

2) … (1 + an
 2) = [(i – a1) (-i – a1)][ (i – a2) (-i – a2)]…[(i – an) (-i – an)] 

  = [(i – a1) (i – a2)…(i – an)] [(-i – a1) (-i – a2)…(-i – an)] 

  = [in + p1 in – 1 + p2in – 2 + … + pn – 1 i + pn] [(-i)n + p1 (-i)n – 1 + p2(-i)n – 2 + … + pn – 1 (-i) + pn ] , by (2) , (3) 

  = in [in + p1 in – 1 + p2in – 2 + … + pn – 1 i + pn] (-i)n[(-i)n + p1 (-i)n – 1 + p2(-i)n – 2 + … + pn – 1 (-i) + pn ] 

  = [1 + p1i – p2 – p3 i + p4 + p5 i –  … ] [ 1 - p1i – p2 + p3 i + p4 – p5 i + … ] 

  = (1 – p2 + p4 – … )2 + (p1 – p3 + p5 – … )2 . 

31. Let  p(x) =  x3 + 3x – 3, then  p(0) = –3 < 0  and  p(1) = 1 > 0 . 

 Since there is a change of sign as  x  increases from  0  to  1, there is at least one real root  α  between  

 x = 0  and  x = 1 for  p(x) = 0. 

 p'(x) = 3x2 + 3 > 0.   ∴  p(x)  is increasing. 

 ∴ p(x) = 0  has one and only one real  α  between   x = 0  and  x = 1 . 

 Let  q(x) = x4 + 6x2 – 12x – 9, then  q(2) > 0, q(1) < 0  and  q(–1) > 0 . 

 ∴ There is at least one real root between  x = –1 and 1  and there is at least one root between x = 1 and  2. 

 However,  q'(x) = 4 (x3 + 3x – 3) = 4 p(x). 

 Since  p(x) = 0  has one and only one real root,  q'(x) = 0  has one and only one real root. 

 ∴ q(x)  has exactly one turning point and  q(x) = 0  has just two real roots. 

32. (a) Let  f(x) x4 – 14x2 + 24x – k  , then  f'(x) = 4x3 – 28x + 24 = 4(x3 – 7x + 6) = 4(x + 3)(x – 1)(x – 2) 

   and the roots of  f'(x) = 0  are  x = -3, 1  and  2. 

x -∞ –3 1 2 +∞ 

f(x) + –117 – k 11 – k 8 – k + 

   The equation will have four unequal real roots if the signs of  f(x)  are alternate.  This is so if 

   –117 – k < 0 ,  11 – k > 0  and  8 – k < 0. 

   These inequalities require that   8 < k < 11 . 

(b) Let  g(x) = 3x4 – 16x3 + 6x2 + 72x – k    then  g'(x) = 12x3 – 48x2 + 16x + 72 = 12(x + 1)(x – 2)(x – 3) 

    and the roots of  g'(x) = 0  are  x = -1, 2  and  3 . 

 x -∞ –1 2 3 +∞ 

g(x) + –47 – k 88 – k 81 – k + 

   The equation will have four unequal real roots if  –47 – k < 0,  88 – k > 0  and  81 – k < 0 . 

  These inequalities require that  81 < k < 88 . 
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33.  (a) ∑
= −

−−−=
n

1r r
n21 ax

1)ax)...(ax)(ax()x(p  

  = (x – a2) ( x – a3) … (x – an) + (x – a1) ( x – a3) … (x – an) + … + (x – a1) ( x – a2) … (x – an-1) 

  Without lost of generality, let  a1 < a2 < …< an . 

  If  n  is even,  p(a1) = (a1 – a2) ( a1 – a2) … (a1 – an) < 0 ,  p(a2) = (a2 – a1) ( a2 – a3) … (a2 – an) >0, 

   p(a3) = (a3 – a1) ( a3 – a2) ( a3 – a4) … (a3 – an) < 0, … , p(an) = (an – a1) ( an – a3) … (an – an-1) >0 

  If  n  is odd,  p(a1) > 0,  p(a2) < 0,  p(a3) > 0 , …, p(an) > 0. 

  ∴  p(x)  changes its sign  (n – 1)  times as  x  increases. 

  Since  p(x)  is continuous, therefore  p(x)  has exactly  (n – 1) roots. 

  But  ∑
= −

n

1r rax
1  = 0   and  p(x) = 0  are equivalent equations since  x = a1 , a2, …, an  are obviously 

  not roots of both of the equations. Therefore   ∑
= −

n

1r rax
1  = 0  has exactly  (n – 1) roots. 

 (b) Rolle's Theorem – Let  f  is continuous on  [a , b]  and differentiable on  (a, b)  and if  f(a) = f(b),  

  then there is a number  x0 ∈ (a, b) such that  f'(x0 ) = 0 . 

  Without lost of generality, let  a1 < a2 < …< an . 

  Let  f(x) =  (x – a1) … (x – an) . 

  Obviously  f(a1) = f(a2) = … = f(an) = 0 .  

  By Rolle's Theorem, there exists  xi ∈ (ai , ai+1), i = 1, 2, …, (n – 1) such that  f '(xi) = 0 . 

  ∴  x1 , x2 , …, xn-1  are roots of the equation  f '(xi) = 0 . 

  But   f '(x) = f(x) ∑
= −

n

1r rax
1  ∴  x1 , x2 , …, xn-1  are roots of the equation ∑

= −

n

1r rax
1  = 0 . 

34. (a) If  pn < 0 ,  and  n  is even,  p(x) ≡ xn + p1 xn – 1 + p2xn – 2 + … + pn – 1 x + pn = 0 

  ( ) ( ) +∞=<=+∞=
−∞→+∞→

xplim,0p)0(p,xplim
xnx

. 

  There are  2  sign changes as  x  increases from  -∞  to  +∞. 

  ∴ p(x) = 0  has at least one positive and at least one negative root. 

 (b) If  pn < 0, then  p(0) = pn < 0  and  ( ) +∞=
+∞→

xplim
x

.  

   Since polynomials are continuous, the curve  y = p(x) cuts the x-axis odd number of times. 

   ∴ The number of positive roots of  p(x) = 0  is odd.  (For any root of multiplicity  k , we have to 

   count  k times) 

  If  pn > 0, then  p(0) = pn > 0  and  ( ) +∞=
+∞→

xplim
x

.  

  The curve  y = p(x) cuts the x-axis even number of times. (or  0  number of times) 

  ∴ The number of positive roots of  p(x) = 0  is even, or zero. 
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